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This paper discusses the problem of maximizing a quasiconvex function r over a convex polytope 
P in n-space that is presented as the intersection of a finite number of halfspaces. The problem 
is known to be NP-hard (for variable n) when r is the pth power of the classical p-norm. The 
present reexamination of the problem establishes NP-hardness for a wider class of functions, and 
for the p-norm it proves the NP-hardness of maximization over n-dimensional parallelotopes that 
are centered at the origin or have a vertex there. This in turn implies the NP-hardness of ( -1 ,  1}- 
maximization and {0,1)-maximization of a positive definite quadratic form. On the "good" side, 
there is an efficient algorithm for maximizing the Euclidean norm over an arbitrary rectangular 
parallelotope. 

I n t r o d u c t i o n  

We axe concerned with the  computa t iona l  complexity of the decision problem 
tha t  arises in a t t empt ing  to maximize a quasiconvex function ~b over an K-presented 
poly tope  P in R n (for variable n),  where ".~-presented" means tha t  the poly tope  is 
given as the intersection of a finite number  m of closed halfspaces. For this problem, 
an instance consists of an n E N, an integral ~ -p resen ta t ion  of P C Iq n, and an 
integer fl, and the  question is whether  there exists y E P such tha t  r  _> ft. 
The search for a max imum is simplified by the fact tha t  P ' s  vertex-set V contains a 
maximizing point,  bu t  complicated by the fact tha t  the maximum possible cardinali ty 
of  V is not  bounded  by any polynomial  in n and m. In the case of greatest  interest, 

n there exists p e N such tha t  r  = (llxllp) p = Zi=ll~il  p for each x = (~1, . . . ,~n)  E 
Iq n. In this case, NP-comple teness  has been established by Freund and Orlin [8] for 
p = 2 and by Mangasar ian  and  Shiau [28] for general p E N. 

After some geometric preliminaries in Section 1, our reexaminat ion of  norm- 
maximizat ion leads to  the following main  conclusions, listed according to the sections 
in which they  are established or discussed: 

(Section 2) For the decision-theoretic version of the problem of maximizing a 
function over an ,~-presented polytope,  N P - h a r d n e s s  persists for a class of quasi- 
convex functions r significantly broader  than  the pth powers of p-norms - -  roughly 
speaking, for the r whose level sets admi t  str ict ly inscribed full-dimensional paral- 
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lelotopes. This includes, in particular, each function r of the form E~=~cqllxllp q', 
where the ai 's  and qi's are positive integers, each Pi is cx~ or a divisor of qi, and 
not all pi's are oc. (When all pi's are co, the maximization of r can be accom- 
plished in polynomial time by linear programming.) NP-hardness  is established by 
a transformation from the known NP-complete  problem, PARTITION [20]. 

(Section 2) It is conjectured that norm-maximization over 2~-presented polytopes 
is NP-ha rd  in all cases except those in which the unit ball is itself a polytope with 
a number of facets that is bounded by a polynomial in the dimension of the space. 
However, this probably cannot be proved by the present methods, for it is also 
conjectured that in a certain precise sense, almost no high-dimensional convex body 
admits an inscribed full-dimensional parallelotope. 

(Section 3) For the pth powers of p-norms, the known NP-hardness  can bc 
sharpened by restricting P to be either of the following very special sorts of polytope 
ill Rn: 

a parallelotope that  is given as a vector sum of the form E~=l[-xi, xi], where the 
m points x i are linearly independent and their coordinates are all - 1 ,  0 or 1; 

an n-dimensional parallelotope that is centered at the origin or has a vertex 
there. 

Here the NP-hardness  is established by a series of transformations that  begins with 
the known NP-complete  problem, NOT-ALL-EQUAL 3-SAT [38]. 

(Section 4) The problems of { -1 ,  t}-maximization and {0, 1}-maximization of a 
positive definite quadratic form are NP-complete.  

(Section 4) For maximizing the Euclidean norm over a rectangular parallelotope 
in • n there is an algorithm that uses only n inner-product computations and n - 1 
comparisons. 

The exposition assumes some familiarity with the classes P and N P ,  and with 
the rudiments of the theory of NP-completeness ([5], [20], [10]). A problem Y is 
said to be NP-hard  if for each member X of N P  there is a transformation of X 
to Y - -  that is, a deterministic polynomial-time algorithm which, when applied to 
an arbitrary instance of X,  produces an equivalent instance of Y. (Here equivalent 
means merely that both are "yes" instances or both are "no" instances.) The problem 
Y is NP-eomptete if it is NP-ha rd  and belongs to the class N P .  The class of all N P -  
complete (NP-hard} problems is denoted here by N P C  {NPH) .  

1. P o l y t o p e s ,  z o n o t o p e s ,  and  p a r a l l e l o t o p e s  

This section supplies tile definitions and notation that are used in the rest of the 
paper. 

A function r : R n --* R is quasiconvex if for each pair of points x, z c R n  it is 
true that 

sup r ---- max{r162 

where Ix, z] denotes the line segment joining x and z. Equivalently, for each real 
the level set {x : r < )~} is convex. 

For x -- (~1,-.-,~n) e R n, the co-norm II H~ is defined by 

ll lt  = I l} 
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and the p-norm is defined for 1 _ p < oo by 

HXHp-~ (i=~l ]~ilP) lip. 
These norms, or certain positive linear combinations of powers of them, will be the 
quasiconvex (in fact, convex) functions of greatest concern here. 

A polytope is a bounded subset of R n (for some finite n) that  is the intersection 
of a finite number of closed halfspaces. The faces of a polytope are its intersections 
with supporting hyperplanes. Prefixes indicate dimension, and the 0-faces, 1-faces 
and (n - 1)-faces of an n-polytope are respectively its vertices, edges and .facets. 

Each polytope P is the convex hull of its finite vertex-set V, and it is well-known 
[17] that  the maximum over P of any quasiconvex function is at tained at some point 
of V. Thus when P is presented in terms of V, maximizing the norm over P presents 
no difficulties that  are not already encountered in a t tempt ing  to compute the norm at 
a particular point. However, the picture changes when the n-polytope P is presented 
as an intersection of m halfspaces, because then, although P ' s  dimension is at most 
n and P has at most m facets, the number of vertices may be as large as 

( m - k ( n + l ) / 2 J ~ + (  / m - n  / 

(see [29]). This sum is O(mLn/2]) for each fixed n, but  for variable n and m it is 
n o t  polynomially bounded. The exponential growth in the maximum size of V is 
reflected in the NP-hardness  results proved here. We shall be concerned especially 
with n-parallelotopes, which have 2n facets and 2 n vertices. 

Some definitions are required in order to deal with presentations of polytopes. 
An 3~-presentation of a polytope P consists of integers m and n with m > n > 1, 
a n m x n m a t r i x A ,  and an m-vector  b s u c h t h a t  P =  {x E R n : Ax < b}. (.~is 
for halfspace.) It  is convenient to refer to P as an ~-polytope, to indicate that  P is 
presented in this way. In dealing with such a presentation, we adopt the notational 
convention that  b = ( f l l , . . . , t im)  T and A = [aij]. When all the entries of A and b 
are integers (rationals), we speak of an integer (rational) presentation. The size L 
of an integer presentation is defined as the number of bits required for the natural  
binary encoding of  the da ta  - -  that  is, 

L -- (2 + [log m] ) + (2 + [log n] ) 

+ (2ran + Flog Io jl]) + (2m + flog IAI]), 

where the logarithms are to the base 2. The size of a rational presentation is defined 
similarly, taking into account the denominators as well as the numerators of the 
input data. Note t h a t  each rationally presented polytope also admits an integer 
presentation. Note also that  if the polytope is full-dimensional (of dimension n in 
R n) and the presentation is irredundant (the intersection 

i = l  j = l  
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is enlarged when aa]y of the m halfspaces is omitted),  then the hyperplanes 

j=l 

are precisely the affine hulls of the facets of P. 
A zonotope is the vector sum (Minkowski sum) of a finite number of line segments. 

When the segments are S~, . . . ,  Sm and their centers are c l , . . . ,  cm, we have 

- -  c i  + 

i=1 i=1 

where the point Er~lci is the center of symmetry  of the set E~=~Si and each segment 
Si - ei is centered at the origin. Hence it is convenient to define an ] -presenta t ion  
( ]  for segment) of a zonotope i n  R ~ as a sequence (c; z~ . . . . .  zm) of points of R n, 
where c is the center and the zi's are the ends of segments centered at the origin O, 
with one end listed for each such segment. This sequence represents the zonotope 

c + E [ - z i ,  zi] = c +  E e i z i :  IEi[ < 1 for all i . 
i=1 i=1 

We speak of integer and rational ] -presenta t ions  (and define their sizes) in the 
natural  way. Of course each zonotope is a polytope, but in general neither the vertices 
nor the facets of a zonotope are immediately accessible from an ]-presentat ion.  

m A zonotope Z = c + ~ i = l [ - z i ,  zi] is called a parallelotope when the points 
z l , . . . ,  Zm are linearly independent. In contrast  to the case of general zonotopes, the 
facial structure of a parallelotope is immediately accessible from an J-presentat ion.  

m In particular, the vertices of the m-paral lelotope c + ~ i= l [ - z i ,  zi] are the 2 m points 
of the form 

c + E ~izi with leil = 1 for all i 
i=l 

and the facets are the 2m (m - 1)-parallelotopes of the form 

c -  + o r  + + z,3 
ic j  i c j  

Also, the passage between ] -presenta t ions  and irredundant ~-presentat ions  can be 
accomplished.in polynomial t ime in the case of parallelotopes. 

As the term is used here, a body is a compact  convex set that  has  nonempty 
interior. A polytope P is inscribed (resp. strictly inscribed) in a body C if P 's  
intersection with C 's  boundary contains (resp. consists of) P ' s  vertex-set,. When C 
is rotund (meaning that  the boundary  OC contains no line segment), each polytope 
P that  is inscribed in C is strictly inscribed. When C is itself a polytope, the strict 
inscription of P in C implies tha t  each facet of C includes at most one vertex of P 
and hence C has at least as many  facets as P has vertices. In particular, if C is an 
n-parallelotope and n _> 3, then no n-parallelotope P is strictly inscribed in C. 
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2. C o n v e x  f u n c t i o n s  a n d  i n s c r i b e d  p a r a l l e l o t o p e s  

Suppose that  for each n E N, Cn is a real-valued function whose domain is R n 
and ~n is a collection of polytopes in R n. Let (I) = (r r  and ~=(21 ,~2 , . . .  ). 
Then M A X r  will denote the following decision problem: 

Instance: Positive integer n, integer/3; integral 
K-presentation of a member P of 2n.  

Question: Does there exist x E P such that  Cn(x) _ /3?  
Here the size of the instance is defined as the size of the presentation plus the 

size 2 + [log/3] of/3. 
The present paper is concerned with the following general problem: 

For which sequences/~ and ~ does the problem MAX@~ belong to the class 
P ?  to N P ?  to N P C ?  to N P H ?  

The problem is too general to admit a meaningful general answer, but  several 
subproblems are of interest. Note that,  for a specific choice of ~, an assertion 
M A X ~  E NPI-I  is strengthened when the 5Dn's are replaced by smaller collections 
of polytopes, while an assertion MAX(I)~) E P or MAX(I)~ E N P  is strengthened 
when the ~n'S are replaced by larger collections of polytopes. 

Theorem 1. Suppose that each of the functions ~n : R n --* R in the sequence �9 is 
quasiconvex, and that there is a polynomial-time algorithm which, for arbitrary input 
(n,x)  with n E N and x E Qn, outputs Cn(x). Then M A X ~  e N P  for each choice 
of~. 
Proof. This is just a more general formulation of a well-known observation - -  see, 
e.g., [8] and [28]. For each K-presentation of a polytope P in R n, the P-maximum 
of Cn is attained at a vertex of P.  When the presentation is rational, the vertex 
belongs to Q n and its size is bounded by a polynomial in the size of the presentation. 
Each vertex v of P is the unique point of intersection of some n of the hyperplanes 
bounding the halfspaces that  appear in the presentation, and the equations of these 
hyperplanes can be solved to find v. The "guessing algorithm" needed to establish 
membership in N P  consists of guessing a set {H1 . . . .  , Hn} of n hyperplanes of the 
mentioned sort. The "checking algorithm" processes each guess as follows: 

(i) Determine whether the intersection M E 1Hi is empty or consists of more than 
one point; if either of these conditions is satisfied, stop; otherwise, find the unique 
point w e nn=lHi. 

(ii) Check to see whether w lies in the other halfspaces of the presentation (in 
which case it is a vertex of P) ,  and whether Cn(w) _>/3; if both of these conditions 
are satisfied, return a "yes" answer. I 

The conclusion of Theorem 1 continues to hold under an approximative assump- 
tion that is weaker than the requirement that  Cn(x) can be computed in polynomial 
time. It is enough to assume that  Cn(X) can be approximated in polynomial time 
and that the distance of Cn(x) from any integer is either 0 or is bounded away from 
0 by a positive rational of polynomial size. Here is a precise statement of the result: 

Suppose that the functions Cn in the sequence �9 are quasiconvez and satisfy 
the following separation condition: There is a polynomial 7r in L such that for each 
n E N, each x E Q n Of size at most L, and each integer r it is true that 

C n ( z )  = ~ or 1 r  - d > 2 -~(L)-  
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Suppose also that there is a polynomial ~ in L such that for each x E Q n of size at 
most L, en(x) can be approximated in time ~(L) with error less than 2 -2~r(L). Then 
M A X r  e N P  for each choice of ~P. 

The proof is essentially unchanged, except that at the end, the approximation 
oracle is used to compute a rational number ~ such that  Ien(w) - ~1 <- 2-2~r(L)- Then 
we have 

r ~ ~ > Z - 2  -2~L~. 

Theorem 2. With hypotheses as in Theorem 1, suppose in addition that the sequence 
is such that the number o/vertices of any member P of U~=12n is bounded by a 

polynomial in the size of P's  presentation. Then M A X ~  E P. 

Proof. In this case, the vertex-set can  be found in polynomial time (see [7], [40], 
[39]). Given P E ~n and the threshold/3, evaluate en at the various vertices of P 
and thus decide whether max e n P  >_ 13. | 

Theorem 3. If  each of the functions Ch in  the sequence �9 is Concave and quadratic, 
then M A X ~  E P for each choice of ~.  

Proof. This follows from the fact that  problems of convex quadratic minimization 
(subject to linear inequality constraints) can be solved in polynomial time by the 
ellipsoid method [24], and also by interior-point methods ([18], [30], [41]; see also 
[221). I 

The following theorem and its proof are due to Mangasarian and Shiau [28], a 
closely related result to Freund and Orlin [8], and weaker related results to Sahni 
[37] and Murty and Kabadi [31]. 

Theorem 4. [28] For each positive integer p, the following problem is NP-complete: 
Instance: Positive integers al . . . .  , an.  
Question: Does there exist a point x = (~1,.--,~n) E Qn such that 

- I _ < ~ _ < I  for l < i < n ,  

and 

n 

E ai~ i = 0 ,  

i=1 

n 

E I~i I p > n. 
i = l  

Proof. The set defined by the inequality constraints is precisely {-1,  1 } n  the vertex- 
set of the cube [-1, 1] n. Hence the following assertions are equivalent for each 
instance ( a l , . . . ,  an) of the problem: 

(i) ( a l , . . . ,  an) is a "yes" instance; 
(it) there exists (~1,... ,~n) E {-1,  1} n such that E~=lai~i = 0; 
(iii) the set { 1 , . . . , n }  can be partitioned into two sets I and J such that 

~i~l~i  = ~j~jc~j.. 
In other words, the problem of Theorem 4 is equivalent to Karp's NP-complete 
problem, PARTITION [20], which has the same instances as Theorem 4 and has as 
its question whether assertion (iii) is true. I 
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Corollary 5. Suppose that p is a positive integer, and for each n E N let Cn be the 
pth power of  the p-norm on Rn. Then 

MAX(r r  e N P C  

when each ~n is the class of all polytopes centered at the origin in R n. 

In the proof of Theorem 4, some of the intersections [-1,  1In N H are (n - 1)- 
parallelotopes, but  for n ~ 3 the affine type of the intersection varies with the choice 
of the positive sequence a z , . . . , a n .  For example, when n = 3 hexagons as well 
as parallelograms appear, and for larger values of n the intersections are not all 
zonotopes. See Naumann [32] for additional information about sections of n-cubes. 

Although Theorems 4-5 and their proofs are extremely simple, three aspects 
seem worthy of further study: 

(a) What  is the geometric essence of the proof of Theorem 4? 
(b) To what  extent does the method of proof of Theorem 4 apply to functions 

more general than the pth power of the p-norm? 
(c) To what extent can the class ~ of polytopes in Corollary 5 be further 

restricted? 
Question (b) is discussed later in the present section, question (c) in Section 3. 

The following theorem answers question (a) by showing that  the geometric essence 
of the proof of Theorem 4 is the fact that a suitable level set of the objective function 
admits a strictly inscribed parallelotope. 

Theorem 6. Suppose that for each n, ~n  is the class of all centrally symmetric n -  1- 
polytopes in R n, and suppose that the following are given: 

(i) a quasiconvex function Cn : R n ..., R; 
(ii) a number An whose size is bounded by a polynomial in n; 

(iii) a rational Y-presentation (c; Z l , . . . ,  Zn) of an n-parallelotope that is strictly 
inscribed in the body (x  E R n : Cn(x) _< An}, the size of the presentation 
being bounded by a polynomial in n. 

Then with ~ = (21 ,22 , . . . ) ,  the problem MAX(r162 is NP-hard.  If, in 
addition, 

(iv) there is an algorithm which, for an arbitrary point q E Q n ,  decides in 
polynomial time whether Cn(q) -> An, 

then the problem MAX(C1, r  is NP-complete.  

Proof. Let B denote the n x n matrix whose jth column lists the coordinates of 
the point zj (1 < j < n). Then B is invertible and the size of B -1 is bounded 
by a polynomial in n. For each point x = (~1,... ,~n) T E R n there is a unique 
Y = (~h . . . .  ,~?n) T E R n such that  

X = e + r ] l z  1 -~- . .  �9 + ~nZn. 

This is equivalent to saying that  x = c + By,  or y = B-Zx  - B-~c. Now consider 
an arbitrary instance ( a z , . . . , a n )  of PARTITION, and let P consist of all points 
x =  (~ l , . . . ,~n)  E R n for which 

- 1 < ~ i < 1  for l < i < n ,  

~ ai~ i ~---0. 
i=l 
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Equivalently, if e denotes the n-vector all of whose coordinates are 1 and R is the 
row-vector ( a l , . . . ,  an)B  -1, then P is defined by the system of inequalities 

- e  + B - l c  <_ B - i x  <_ e + B - l c  

in conjunction with the equality Rx  = Re. Since the ~r parallelotope 
(c; z l , . . . ,  zn) is strictly inscribed in the level set {x : en(X) < An}, the following 
two statements are equivalent for an arbitrary point x satisfying the above system 
of inequalities: 

(a) > An; 
(b) the set {1, . . .  ,n} can be partitioned into two sets I and J such that  ~i = - 1  

for a l l i E I a n d z / j = l  for alljEJ. 
Under the additional condition that  En=~o~i~i = 0, (b) is equivalent to requiring 

that  the set {1 . . . . .  n} can be partitioned into two sets I and J such that  ~ i ~ i o q  = 
Ejejc~j. Thus we have a transformation of PARTITION to MAX(el,  r  

(Since the size of An is bounded by a polynomial in n, the above instance of 
MAX(r r  can be constructed in polynomial time. Recall that  an instance 
of MAX(el,  r  consists of the dimension n, a bound f~, and an integral 5q- 
presentation of P; in particular, the functions r are not part of the input but are 
given in advance.) | 

Corollary 7. Suppose that for each n, Pn is a positive integer and ~n is the class of 
all polytopes in Rn. Let 

= (11 lip; p',II IIp/~, -..) and ~ = ( ~ , ~ 2 , . . . ) .  

Then the problem MAX(I)~ is NP-hard. If, in addition, the Pn's are bounded by a 
polynomial in n, then MAXq)~ is NP-complete. 

Proof. Observe that with en = II lip p" and An = n, the cube [-1, 1] n is strictly 
inscribed in the body 

{z  c Rn:  II llp,, <-  d/p~ ) = {x R n : < 

Hence the assumptions (i), (ii) and (iii) of Theorem 6 are satisfied. If, in addition, 
the sequence (p~, P2 . . . .  ) is uniformly bounded by a polynomial in n, then for rational 
vectors q = (nl . . . . .  t%) and positive integers/3 it can be decided in polynomial time 
whether 

n 

Ilqllp p" = ~ I~il p" _> ~. 
i=1 

Hence the stated conclusions follow from Theorem 6. | 
We believe that norm-maximization over general ~-presented polytopes is likely 

to be NP-hard  for any sequence of norms except those in which the unit ball 
is a polytope with a number of facets that  is bounded by a polynomial in the 
dimension of the space. In this exceptional case, the problem of maximizing the 
norm over a rationally ~-presented polytope P can be solved in polynomial time by 
means of linear programming, using either the ellipsoid method [21] or an interior- 
point method [19]. In particular (as noted in [28]) a polynomial-time maximization 
algorithm for the oc-norm consists of maximizing each coordinate functional and 
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its negative over P,  and noting that  tile maximum of the numbers obtained in this 
way is the maximum of the norm on P.  Here the unit ball is a polytope with only 
2n facets. On the other hand, the unit ball with respect to the 1-norm, though a 
polytope, has an exponential number of facets, and the NP-hardness  result does 
apply to the 1-norm. 

Concerning the existence of inscribed parallelotopes in situations more general 
than that  of Corollary 7, we can offer only the following. 

Theorem 8. Suppose that the function r : R n ---* R satisfies the following three 
conditions: 

(i) r is quasiconvex and lower semicontinuous; 
(ii) r is not bounded above on any line through the origin; 
(iii) for each point x = (~l ,--- ,~n),  the value of r is unchanged when any 

coordinate ~i of x is replaced by its negative. 
Then r attains its min imum value at the origin O. For each A > r and for 
each point y whose coordinates are all nonze~v, some positive multiple of y is a 
vertex of an n-parallelotope that is centered at the origin and inscribed in the body 
B~ = {x:  r < A}. 

Proof. Condition (iii) implies that r  -- r for all x E R n. From this in 
conjunction with conditions (i) and (ii) it follows that  for each line L through the 
origin 0, 

s u p e L  = cx~ and i n f e L  = r  

For each A > r the set B,~ is certainly closed and convex, and if it were unbounded 
condition (iii) could be used to produce a line through 0 on which r is bounded. 
Since that contradicts (ii), the set B A is a body. Now for y = (~1,-.-,  ~n) of the sort 
described, let the positive multiplier # be such that  #y E OB. Then the set 

By = {x = (~1,--., ~n): I~il -< #rli for all i} 

is an n-parallelotope centered at the origin, and it follows from condition (iii) that  
Py is inscribed in B A. I 

Corollary 9. Suppose that for i = 1 , . . . ,  k, ai and qi are positive integers and Pi is 
cx~ or a positive divisior of qi. For each n E N,  define 

k 
en(X) = ~ - ~ a i [ i X i l p ,  q' f o r  all x e R n, 

i=l 

and let @ = (r162 I f  all the pi 's  are e~, then MAX(Dg} e P when each ~n  is 
the collection of all polytopes in R n. In all other cases, MAX@~ E N P C  when ~n  
is the collection of all (n - 1)-polytopes centered at the origin in R n. 

Proof. Since objective functions are convex, membership in N P  follows from The.  
orem 1. If there is an i for which 2 < Pi < oc, then the level sets of the objective 
functions are rotund and hence the inscribed parallelotopes guaranteed by Theo- 
rem 8 are strictly inscribed. If all pi's are equal to 1, the level sets of the objective 
functions are just balls with respect to the 1-norm, and again there are strictly in- 
scribed parallelotopes. In these cases it follows with the aid of Theorem 6 that  
MAXcD~ c N P H .  
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In the remaining case, all p~'s are cc and each objective function is a positive 
combination of positive powers of the oc-norm. Hence maximizing the objective 
function over a polytope P is equivalent to maximizing the oo-norm. That  was 
discussed im~he paragraph preceding Theorem 8. II 

We end this section with some additional remarks about inscribed parallelotopes. 
It is known that each body in R 2 admits many inscribed rectangles and inscribed 
rhombi, and at least one inscribed square [42] [4]. Each body C in R 3 admits an 
inscribed 3-parallelotope whose volume is at least two-ninths that  of C [3], but 
there is a 3-dimensional body that  does not admit any inscribed rectangular 3- 
parallelotope [2]. It would be interesting to know what can be said about the 
existence of inscribed parallelotopes in higher-dimensional bodies. Note that if a 
centrally symmetric n-body C admits an inscribed n~ then it admits 
one whose center coincides with C's. Note also that  if each (n - 1)-body admits 
an inscribed parallelotope, then each centrally symmetric n-body C admits many 
inscribed n-parallelotopes; indeed, each hyperplane that intersects C's interior but  
misses C's center c contains a facet of an n-paxallelotope that  is inscribed in C 
and centered at c. In particular, each symmetric 4-body admits an inscribed 4- 
parallelotope. Nevertheless, we conjecture that  when the dimension n is large enough 
most symmetric n-bodies do not admit inscribed n-parallelotopes. To make the 
conjecture precise, let Bn denote the unit ball of Euclidean n-space, and for each 

> 1 let X(n,  ~-) denote the collection of all symmetric n-bodies K such that K is 
centered at the origin and Bn C K C TBn. With respect to the Hausdorff distance, 
X(n, r )  is a compact metric space. Let 

X'(n,  7) = { K  e X(n ,  "r) : K admits an inscribed n-parallelotope}. 

Then X'(n,  ~-) is an Fe subset ofX(n~ r)~ and we make the following 

Conjecture 10. For each sufficiently large n and for each T > 1, the complement of 
X'(n,  r) is a dense subset of X(n ,  ~'). 

Now recall that  for each n there exists a z'n such that each n-body centered at 
the origin is linearly equivalent to some member of X(n,  rn) [27] [26]. In view of this 
fact, and of the Baire category theorem, proof of the conjecture would establish our 
claim that "most" symmetric bodies do not admit inscribed parallelotopes. 

Before returning to norm-maximization, we mention two other open problems 
concerning the existence of inscribed polytopes. Pucci [36] claimed to prove that 
each 3-body admits an inscribed regular octahedron. Hadwiger, Larman and Mani 
[14] showed that  several of the claims in Pucci's argument are incorrect, but  the 
existence of inscribed regular octahedra is still unsettled. Gr/inbaum [13] asked 
whether every n-body admits an inscribed polytope that  is a translate of the vector 
sum of an n-simplex and its negative. He noted that several authors had established 
an affirmative answer for n = 2, where the polytopes in question are the affinely 
regular hexagons. However, the problem is open for all n _> 3. 
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3. p - N o r m s  

The NP-hardness proofs of Theorems 4 and 6 are short, but for each dimension 
n they use polytopes of a variety of affine types - -  the central (n - 1)-sections of 
n-parallelotopes. In the present section we show that  maximizing II II p over an ,g- 
polytope in R n is NP-hard  even when the polytope is an n-parallelotope centered at 
the origin or having a vertex there. Since, in the case of parallelotopes, it is easy to 
move back and forth between JY-presentations and ~f-presentations, we actually work 
with the following problems [-1, 1]PARMAXp and [0, 1]PARMAXp, defined for each 
positive integer p: 

Instance: Positive integers n and ~; n linearly independent integer vectors 
x l , . . . , x n  in R n. 

Question for [-1,  1]PARMAXp: Is the maximum of II lip p on the parallelotope 
~ = i [ - x i ,  xi] at least 7? 

Question for [0, 1]PARMAXp: Is the maximum of II Hp p on the parallelotope 
Ein=l[O, xi] at least "r? 

Theorem 11. Each o/ the problems [-1, 1]PARMAXp and [0, 1]PARMAXp is poly- 
nomially transformable to the other. 

Proof. In each of the transformations below, it is assumed that  the space R n is 
canonically embedded in the space R n+l, and that  Un+~ = (0 , . . .  ,0, 1) T E R n+l. 

Consider an arbitrary instance (n, 7; x l , . . . ,  xn) of [0, 1]PARMAXp, and let P = 
Zn=l[0, xi]. Set 

=2P7 + 1, 
n 

Yi ---- xi for 1 < i < n, Yn+l = Un+l "t- ~ Xi. 
i=l 

Then the given instance of [0,1]PARMAXp is equivalent to the instance 
(n + 1 ,6 ;y l , . . .  ,Yn,Yn+l) of [-1, 1]PARMAXp. Indeed, for each nonzero vertex v 

~n+i[ . . i of P it is true that  2v + Un+~ is a vertex of the parallelotope i=~ L-yi, y/J, and that  

112v + u +llll = 2P lMl l  + 1. 

From this it follows that  (n,')'; x~, . . .  ,xn)  is a "yes" instance of [0, 1]PARMAX if 
and only if there exists w E un+l + 2P such that IIwllp p > ~. Further, it follows 

>-In4-1 r from the symmetry properties of the norm and of the parallelotope ~=; [-Yi~ Yi] 
that the maximum of the norm on this parallelotope is attained at a vertex of the 
set un+~ + 2P. That  establishes the stated claim. 

Now suppose, on the other hand, that  (n ,~ / ; x i , . . . , xn )  is an instance of 
[-1, 1]PARMAXp, and let P = E~=l[-xi ,xi  ]. Set 

( ~ = 2  (p+~)L "and t f = 7 + a ,  

where L is the size of encoding of the input data. Set 
n 

Yi = 2xi for I < i < n, Yn+i = O~Un+i -- ~-~ xi, 
i=l 
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and Q = En+~[0, yi]. Then the given instance of [-1, 1]PARMAXp is equivalent to 
~----1 

the instance (n + 1, ~i; y~ . . . . .  Yn, Yn+~) of [0, 1]PARMAXp. To justify this claim, note 
that  each vertex of Q belongs to one of the two parallel facets 

P -  Yn+I n c OLun+l and P + ~un+~ 

and that  P n u ~Un+i is Q's intersection with the hyperplane (x --- (~1,...,~n+1) : 
~n+l -- c~}. Observe, further, that  each point x E P is equal t o  ~.n=l)~ix i for some 

A1,... ,,~n E [--1, 1], and with Yi --- (r/~), . . .  , ~ ) ) T  we have 

~-~ ~ixi P P 

i=1 p j=l  j=l 

1 _ <_ n~2 pL < 2(P+1) L < ~)(~. 

j = l  i=1 

Since P - Yn+l + O~Un+l C 2P,  it follows that all vertices of Q that  are farthest 
from the origin must belong to the facet P + aun+l .  Hence the given instance 
of [-1, 1]PARMAX is a "yes" instance if and only if there is a vector q E Q 
such that Ilqllp p > V + 2(P+~)L. Thus we have transformed [-1, 1]PARMAXp to 
[0, 1]PARMAXp. | 

In the sequel, we use only the second of the two transformations described in the 
proof of Theorem 11. The first is included to illustrate the fact that,  in constructing 
the points that  generate the respective parallelotopes, control over the magnitudes 
of coordinates is much firmer in the first transformation than in the second. That  
may be relevant to a question about strong NP-completeness that is mentioned at 
the end of this section. 

Our next goal is to establish the NP-hardness of the problem [-1, 1]PARMAXp. 
We begin with a transformation from the following problem 3SPLIT: 

Instance: A finite set M and a collection ~ of subsets of M, each member of 
being of cardinality 2 or 3 

Question: Can M be partitioned into two sets, both of which intersect each 
member of $? 

The NP-c0mpleteness of 3SPLIT was established (in a slightly different but clearly 
equivalent formulation) by Schaefer [38], who called the problem N O T - A L L - E Q U A L  
3-SAT. We use the term 3SPLIT for brevity. The NP-completeness of a closely 
related problem, HYPERGRAPH 2-COLORING, was recognized by Lovi~sz [25]. 

Our first transformation of 3SPLIT establishes the NP-hardness of the problem 
of maximizing H lip p over m-dimensional parallelotopes centered at the origin in R n. 
Since m < n is permitted here, additional transformations are needed to arrive at 
the problem [-1, 1]PARMAXp. 

Theorem 12. For each f ixed posit ive integer p, the ]ollowing problem 
PAR{-1,  0, 1}MAXp is N P - c o m p l e t e :  

Ins tance:  Pos i t ive  integers n,  rn <_ n and ~ ,  and m linearly independent  vectors 
Xl . . . . .  Xm in { :1 ,0 ,1}  n. 
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Question: Do there exist el . . . .  ,era in { - 1 ,  1} such that [[zmleixillp p >. a ?  

Proof. Clearly the problem belongs to N P .  Simply guess el . . . .  ,era, and let 
(~1 , . . . ,  ~n) T = Emle iX i ,  so that  

= l jlv. 
j=~ 

Then check whether E~=I[~jl p >_ c~. 

Now consider an instance (M, ~) of 3SPLIT, and assume without loss of gen- 
erality that  M -- { i  . . . .  , m } .  Let  the 3-pointed members  of ~ be C I , . . . , C r ,  let 
the 2-pointed members  be Cr+l,. . . ,Cr+s, and set n = 3r + s + m. We are go- 
ing to describe a polynomial-t ime construction that  yields m vectors x~ . . . .  , xra in 
{ -1 ,  0, 1} n - -  one vector for each member  of the underlying set M - -  such that  for 
each parti t ion of M into two sets G and H,  the following is true: 

x g -  x h p _> (3 p + 2 ) r + 2 p s + m  

if and only if 

both  G and H intersect each member of ~. 

Thus for each instance of 3SPLIT we have an equivalent instance of 
P A R { - 1 , 0 ,  1}MAXp, with 

n = 3r + s + m and ~/=  (3 p + 2)r + 2Ps + m. 

That  will establish the NP-hardness  of P A R { - 1 ,  0, 1}MAXp. 

I t  is convenient to think of the n coordinates ( ~ i )  . . . .  ~(i)) of each point xi as 
divided into successive blocks of length 3r, s and m. The last m coordinates of the 
points x l , . . . ,  Xm are chosen to assure that  these points will be linearly independent. 
Specifically, 

~(i) . = 1, and otherwise  ~(i) -.~ 0 for 3r + s < k < n. 
3r+s+~  

The first 3r coordinates of x i are determined by the 3-pointed members  of $ to 
which the point i of M belongs, and the next s coordinates of x i are determined 
by the 2-pointed members of $ to which i belongs. For 1 < k < r, the coordinates 
~(i) ~(i) and f(i) 3k-2' ~3k-l'  '~3.k are 0 when i ~ Ck, and when i E C k these coordinates are 1 or 

- 1  as specified below. For i < k < s, the coordinate x(i) is 0 when i ~ C3r+k , and ~3v+k 
when i E C3r+k this coordinate is 1 or - 1  as specified below. 

For 1 <_ j < 3r, the coordinate ~ji) of xi is specified to be 

0 if i r Crj/a ], 
- 1  if i E C[j/31 and condition ( . )  holds, 

1 if i E CFj/3 ] and condition (*) fails, 
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where the condit ion (*) is t ha t  

either j - 0 (mod 3) and  C[j/31 C_ [1, i] 

or j - 1 (mod 3) and Crj/31 c [i, m] 

j -  2 (mod 3) and C[j/31 includes bo th  
or members  of  M tha t  are greater  than  i and 

members  of  M that  are less than  i 

(Here [1, i] = {h �9 M :  1 < h < i} and [i,m] = {h �9 M :  i < h < m}.) 

For 3r  < j < n, the coordinate  E(. i) of x i is specified to be 
- -  "3 

0 if i ~ Cj'-2r, 
- 1  if i �9 Cj_2r C [i, m], 

1 i f / � 9  Cj-2r C [1,i]. 

(Since ICj_2rt -- 2 in this case, when i �9 Cj-2r it mffst be  t rue tha t  either 
C:-2r C [/, m] or Cj_ r C [1, i].) 

Before proving tha t  the vectors x l , . . . ,  Xm have the desired property,  we illus- 
t ra te  the cons t ruc t ion  of the xi's by an example. Wi th  p = 2, suppose tha t  

M = {1 ,2 ,3 ,4 ,5}  and V = {{1 ,2 ,4 ,} ,  {3,4,5},  {1,5}, {2,4}}. 
T h e n m = 5 ,  r = 2 ,  s = 2 ,  

n = 3r  + s + m = 13 and a = (3 p + 2)r  + 2 P s +  m = 35. 

The  points  Y l , . . . ,  Ys of  { - 1 ,  0, 1} 13 are the columns of  the mat r ix  below, where the 
division into blocks is indicated. 

-i 1 0 1 0 
1 - I  0 1 0 
1 1 0 - 1  0 
0 0 - 1  1 1 
0 0 1 - 1  1 
0 0 1 1 - 1  

- 1  0 0 0 1 
0 - 1  0 1 0 

1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
0 0 0 0 1 

Now consider an arb i t rary  sequence r  cm in { - 1 ,  1}, and let 
m 

x = r = 

i=1  

If  1 < k < r and C k = {a,b,c} with a < b < c, then 

~ 3 k - 1 ]  = e a  - [ - e  b + S c  �9 
~3k / 1 
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From this follows that 

3 <_ ]~3k_2] p -~- ]~3k_ll p -~ 1~3kl p <~ 3 p -~- 2, 

with equality on the right if and only if ca ~ eb or ea ~ ec. Similarly, if 1 <: k < s 
and Cr+k - {d, e} with d < e, then 

= + 

from which it follows that  0 < ]~3r+kl p ~ 2 p, with equality on the right if and only 
if e d ~ ee. 

To complete the proof, verify that the following four statements are equivalent: 

(i) IIxll  -> (3 p + 2)r + 2Ps + m; 

(ii) [~ak_21P+l~3k_ l lP+l~ak lP=3P+2 for each k e [1,r] 

and 1~3r+kl p = 2 p for each k e [1,s]; 

(iii) for each 3-pointed member {a, b, c} of $ with a < b < c, 

e a C e b  or e a C e c ,  

and for each 2-pointed member {d, e} of $ with d < e, e d ~ ee. 
(iv) each member of ~g intersects both the set G = {i : ei = -1} and the set 

H = {i : ei = -1}.  | 

Note that  in the case of PAR{-1,0,1}MAXp, the {-1 ,0 ,1}  notation indi- 
cates that only -1 ,  0 and 1 are permitted as coordinates of the vectors xi aris- 
ing in an instance of the problem. However, in the cases of [-1, 1]PARMAXp and 
[0, 1]PARMAXp, the [-1, 1] and [0, 1] merely indicate how the parallelotopes are 
related to the origin. 

We want next to transform PAR{-1,  0, 1}MAXp to [-1, 1]PARMAXp. To do 
this in the Euclidean case (p = 2), it might be simplest to proceed as follows: (i) 
find the (n - m)-dimensional subspace S of Qn that  is orthogonal to the linear 
span of the m xi ' s  appearing in PAR{-1,0,1}MAXp; (ii) find a basis Y I , . . . , Y m  
for S that is approximately orthonormal; (iii) for an appropriately chosen multi- 
plier #, let Yi -- l tXi -m for m < i <: n, and then work with the n-parallelotope 
En=~ [-Yi ,  Yi]. However, in order to deal with an arbitrary positive integer p we trans- 
form PAR{-1,  0, 1}MAXp to [-1, 1]PARMAXp in two stages, where the intermediate 
stage involves a full-dimensional zonotope that  is not in general a parallelotope. 

Theorem 13. For each positive integer p, the following problem [-1, 1]ZONMAXp is 
NP-complete: 

Instance: Posit ive integers n, t >_ n, and ~, and vectors Y l , . . . , Y t  in R n such 
that y l , . . . , y n  is the standard basis for  R n and each of  Y n + l , . . . , Y t  belongs to 
{-(n + 1)p,0, (n + 1F} n. 

�9 . . ,  E t P 87 Question: Do there ezist  e~, et in {-1,  1} such that II i=le~Yill~ >- 

Proof. Membership in N P  is obvious. To establish NP-hardness, consider an 
arbitrary instance (n, m ,  a; x ~ , . . . ,  Xm) of PAR{-1,  0, 1}MAXp and let y~ , . . . ,  Yn be 
the standard basis for R n. Set 

t = n + m,  # = n + 1, ~ = l zpct, Yi "~- lZXi-n for n < i _< t. 
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We claim that (n, m, a; x i , . . . ,  Xm) is a "yes" instance of 
PAR{-1 ,0 ,1}MAXp if and only if ( n , t , ~ ; y ~ , . . . , y t )  
[-1,  1]ZONMAXp. 

If ( n , m , a ; x l , . . . , X m )  is a 
51 , . . . ,5m in { -1 ,  1} such that  

whence 

is a "yes" instance of 

"yes" instance of PAR{-1 ,0 ,  1}MAXp there exist 

m P 

E SiX i ~_ 0~, 
i=1  p 

II p 5iyi >_ ttP~ = ft. 

P 
Since the function II I~0 p is convex and the point E~=n+lSiYi is the average of the 2 n 

points of the form ~n=l~iy i t q-~i=n+lSiYi with ~1,. . .  ,~n E { -1 ,  1}, there is a point 
of this form for which 

siYi + E ~iYi >-- 
i=n+l i p 

Hence (n, t,13; Y l , . . . ,  Yt) is a "yes" instance of [-1,  1]ZONMAXp. 
If, on the other hand, (n, m, c~; x l , . . . ,  Xm) is a "no" instance of 

PAR{-1 ,0 ,1}MAXp,  then for each choice of e l , . . . , c t  E { -1 ,1 }  it is true that 

IIE~=n+l~iZill p _< ~ - 1. But then 

i=~ siYi pP <_ n p + ItP(o~ - 1) ----/~ - (#P - n p) </3  

and hence (n, t, 8; Yl . . . .  , Yt) is a "no" instance of [-1,  1]ZONMAXp. That  completes 
the proof. | 

The following lemma will aid in proving Theorem 15. 

Lemma 14. Suppose that p, n, t and ap are positive integers with n < t, and let 
u l , . . . ,  ut denote the standard basis for Rt. With Rn canonically embedded in F~t, 
suppose that Yi = zi = ui for 1 < i < n and that Yn+l,. . .  ,Yt are points of R n, each 
of p-norm at most r Suppose that 5 and ~ are positive real numbers with 

5 
c ( t - n ) < _ 2 1 / p - 2 1 / 2 p  and c ( t - n )  < 

2p(tr -~ 

and let zi = Yi + eui for n < i <_ t. Let i t (Y) and it(Z~) denote the maximum of the 
pth power of the p-norm on the zonotopes Y and Ze respectively, where 

t t 
Y = c R c = c R 

i=1 i=l 
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Then 
< 

and i f  lz(Y)  >_ 2 it is true also that 

#(ZE) <_ #(Y) + 6. 

Proof. The first inequality follows from the fact that  the p-norm of any point of 
R t increases whenever one of its coordinates is increased in absolute value while the 
other coordinates are unchanged. For the second inequality, assume that #(Y) > 2 
and let v be a vertex of Ze such that Ilvl} p = p(Ze) .  Then there exist A1,...  ,At in 
{ -  1, 1 } such that 

t t t 

v =  Z Aizi =--- Z AiYi q- c ~ Aiu i. 
i=l i=l i=n+l 

Set 

a = AiYi <- HYi[[ <- t r  
i=l 

and note that  ]lP.~=n+lAiuill = t - n. Then 

2 < = IIvlF < + - n ) F .  

From this in conjunction with the first condition on the choice of e, it follows that 

a >_ 2 I/p - e(t  - n) >_ 21/2p. 

A routine computation shows that if 

a>_21/2p and 0 < v < 2 1 / p - 2 1 / 2 p  

then 
(a + "r) p ~ a p + 2pap-lT. 

Hence this last inequality holds when r = e(t - n), and we have 

(a + e(t  - n))P <_ aP + 2paP-le( t  - n).  

To complete the proof that  p(Ze) < #(Y) + ~, note that  aP <_ # ( y )  and apply the 
second condition on the choice of s to the second summand on the right. | 

Theorem 15. For each positive integer p, the problems [-1,  1]PARMAXp and 
[0, 1]PARMAXp are NP-comple te .  

Proof. In view of Theorems 11-13, it suffices to transform [-1,1]ZONMAXp to 
[-1,1]PARMAXp. For notational simplicity, we work with the variant of 
[-1,  1]PARMAXp in which the generating points Z l , . . . ,  zn are permitted to have 
rational coordinates while the threshold fi is an integer. This is permissible, for 
if (n,~3; Z l , . . . ,  zn) is an instance of this problem and A is the product of the de- 
nominators of the coordinates of the zi's, then the instances (n, fi; z l , . . . ,  Zn) and 
(n, AP~; Axl  . . . .  , Axn) are equivalent. 
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Now consider an arbitrary instance (n, t, 3;Yl . . . . .  Yt) of [-1,  1]ZONMAXp. If 
t = n, it is already an instance of [ -1 ,  1]PARMAXp. When t > n, proceed as follows: 

(i) Set 

r = + 1) p+I > max{l lYll l , - - - ,  ]lvtll}, 
where the inequality follows from the fact that each of the n coordinates of each 
point Yi is at most (n + 1)P in absolute value. 

(ii) Set 5 = �89 and choose a positive rational 

< min(21/p - 21/2p, 5/(2pnP-lCP-1)}. 

This can be done in polynomial time. 
(iii) Form the points z l , . . . , z t  as described in Lemma 14. The sequence 

(n, ~; z l , . . . ,  zt) describes an instance of [ -1 ,  1]PARMAXp. 
(iv) By Lemma 14, 

1 
/~(Y) < #(Z~) <: #(Y) + 

We do not know that  #(Z~) is an integer. However, both #(Y) and ~ are integers, 
and hence #(Y) :>/3 if and only if ]~(Ze) >_ ~. Thus we have transformed the instance 
of [ -1 ,  1]ZONMAXp to an equivalent instance of the variant of [-1,  1]PARMAXp. | 

Though PARTITION and 3SPLIT are both NP-complete ,  the former can be 
solved by a pseudopolynomial algorithm - -  one which, for each fixed upper bound B 
on the integers in the sequence that  is to be partitioned, does admit a polynomial 
upper bound on running time (with the bound depending on B). In other words, the 
NP-hardness  of PARTITION depends on the admissibility of instances involving 
integers that  are very large relative to the underlying combinatorics. That  is not 
true of 3SPLIT or ( - 1 ,  0, 1}PARMAXp or [ -1 ,  1]PARMAXp. In the terminology of 
Garey and Johnson [9,10], these three problems are NP-complete  in the strong sense 
while PARTITION is not. We do not know whether [0, 1]PARMAXp is NP-complete  
in the strong sense. 

Problem 16. For a positive integer p, is the problem [0, 1]PARMAXp NP-complete 
in the strong sense? 

In this connection, the reader is invited once more to compare the two transforma- 
tions used in the proof of Theorem 11. 

4 .  E u c l i d e a n  n o r m s  

As was mentioned in connection with Theorem 3, there are polynomial-time 
algorithms for maximizing a concave quadratic function over an ,~-polytope. For a 
survey concerning the much more difficult problem of maximizing a convex function, 
see [33]. As we saw in Section 3, the latter problem is NP-hard ,  even for the very 
special case in which the objective function is the square of the Euclidean norm and 
the polytope is a full-dimensional parallelotope that  is centered at the origin or has 
a vertex there. However, the next result shows that  the standard Euclidean norm 
can be maximized in polynomial time over an arbitrary rectangular parallelotope. 
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Theorem 17. For maximiz ing  the Euclidean norm over a rectangular parallelotope in 
R n, there is an algorithm that uses at most  n inner-product  computat ions and n - 1 
comparisons.  

Proof.  If  (c; x l , . . . ,  Xm) is an 3e-presentatlon of a rectangular parallelotope P in R n, 
then m _~ n and the x i ' s  are pairwise orthogonaI. Set y -= c - F ~ m l x i ,  and let s i = 2xi 
for i = 1 , . . . , m .  Set So = {0} and for 1 < k < m define 

J} Sk = ,~isi : ~ l , . . . , ~ k  e [0,1 . 
ki=l 

Then y is a vertex of P,  the si 's  are pairwise orthogonal, and P = y + Sin. 
Here is the algorithm: 

begin 
q , - - - y ;  

for i ~-- 1 until n do 
i f  (q + s i ,q  + si> > (q,q) t h e n  q ~-- q + si; 

print "The norm is maximized by the vertex" q 
end. 

Let Y0 = Y, and for 1 < k < n let Yk denote the value of q after the k th pass 
through the do loop. Then Yk is of course a vertex of the k-parallelotope y + Sk, 
and we claim that Yk maximizes the norm over y + Sk. That is obviously true when 
k = 0. For the inductive step from k - 1 to k, note that the vertices of y + S k are 
precisely the points of the form y + v or p + v + s k where v belongs to the vertex-set 
Vk_ 1 of Sk_ x. For each v 6 Vk_ 1, we have 

(y + v T sk ,y  T v T sk} = <y + v , y  

= < y + v , y + v )  + (sk, 

where the last step uses the fact that  (v, sk)  
v, w 6 Vk_ 1, 

( Y + v , Y + V )  > (Y 
if and only 

< y + v + s k ,  y + v + s k )  >_ (y 

+ v) + (sk, sk) + ~<y + v, sk) 
sk) + 2(y, s/c), 

= 0. From this it follows that  for each 

+ w , y + w )  

if 

+ w + s k ,  y + w + s k ) .  

Since Yk-1 maximizes the norm over y + Sk_l, we conclude tha t  Yk-1 or Yk-1 + 8k 
maximizes the norm over y + S/c, and that  leads to the desired conclusion. | 

We turn finally, to the subject of pseudoboolean programming, which is concerned 
with the optimization of real- or rational-valued functions over the vertex-set {0, 1} n 
of the n-cube [0, 1] n. Because of the importance of this subject, and the wide range of 
problems that  can be natural ly formulated in these terms, it is of interest to identify 
classes of functions tha t  can be maximized over {0, 1} n in polynomial time. Some 
such classes of quadratic functions are identified in [35], [1], [16], and [6]. Other 
discussions of quadratic pseudoboolean programming appear  in [23], [34], and [33]. 

In addition to identifying classes of quadratic functions for which pseudoboolean 
maximization is easy, it is of interest to identify classes for which it is NP-ha rd .  
Hammer  and Simeone [15] show tha t  such a class is formed by functions of the form 
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xTAx ,  where A is an upper triangular matrix that  has at most one negative entry 
in each row. Here we do the same for x T A x  when the matrix A is positive definite. 
In this case, the function x T A x  is just the square of a norm with respect to which 
R n is linearly isometric to the standard Euclidean n-space. 

Theorem 18. The following problems 
POSDEF{-1 ,  1}MAX and POSDEF{0, 1}MAX are NP-complete: 

Instance: Positive integers n and )~; positive definite symmetric n • n matrix A 
with integer entries. 

Question for POSDEF{-1 ,  1}MAX: Does there exist a { - 1 ,  1}-vector x such 
that xT A x  >_ ~ ? 

Question for POSDEF{0, 1}MAX: Does there exist a {0, 1}-vector x such that 
xT  Ax  > "~ ? 

Proof. Membership in N P  is obvious. To establish NP-hardness, we describe a 
transformation of the [-1, 1]PARMAX2 ( resp. [0, 1]PARMAX2) problem of The- 
orem 15 to POSDEF{-1 ,  1}MAX ( resp. POSDEF{0, 1}MAX). An instance of a 
PARMAX2 problem consists of positive integers n and /~, and n linearly indepen- 
dent integer vectors x l , . . . ,  xn in R n. Let A denote the Gramian matrix formed by 
the inner products of the xi's - -  i.e., A = [C~ij], where ~ij ---- xTx j  �9 Clearly A is a 
symmetric matrix whose entries are integers, and it is well known that A is positive 
definite when the xi's are linearly independent. Hence (n, ~; A) is an instance of a 
POSDEFMAX problem. Each point x of Qn has a unique representation in the form 
x = zn=l.~ixi with rational hi's , and 

n n 

llxll  = = Z Z(xTx ) i J - 
i=1 j=l 

This is equal to yTAy  with y = ( ~ l , . . . , ~ n )  T, Hence Ilxll 2 attains a value >_ 
for Ai's in {-1 ,  1} ( resp. {0, 1}) if and only if yTAy  attains a value > ~ on the 
vertex-set of the cube {-1,  1} n ( resp. [0, 1In). Thus the PARMAX2 problems have 
been transformed to the respective POSDEFMAX problems and the latter, like the 
former, are NP-complete. I 

An alternative proof of Theorem 18 can be drawn from the papers [11] and 
[12]. [12] shows by a transformation from PARTITION that  the following problem, 
SIMPLEX-WIDTH, is NP-hard:  

Instance: an n-simplex T in R n, a positive integer p. 
Question: In the Euclidean norm for R n, is the square of the width of 

T less than or equal to p? 
(The width of a body C is the minimum of the distances between pairs of parallel 
supporting hyperplanes of C.) [11] outlines an argument showing that the prob- 
lems POSDEF{0, 1}MAX and SIMPLEX-WIDTH are polynomially equivalent in 
the sense that there is a one-to-one transformation (polynomial-time in both di- 
rections) between the instances of one problem and those of the other. Hence the 
NP-hardness of POSDEF{0, 1}MAX follows from that  of PARTITION by way of 
SIMPLEX-WIDTH. This provides a different proof of Theorem 18 and also, in view 
of the following paragraphs, a different proof of Theorem 15 for the case p = 2. 
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By a construction similar to that  in the first part  of the proof of Theorem 11, 
POSDEF{0, 1}MAX can be transformed to P O S D E F { - 1 ,  1}MAX. In closing, we 
shall describe a transformation of P O S D E F { - 1 ,  1}MAX to [-1,  1]PARMAX2. Con- 
sider an instance (n, A; A) of P O S D E F { - 1 ,  1}MAX, where A is an n • n symmetric 
positive definite matrix with integer entries. In polynomial time we can compute a 
permutation matrix J ,  a lower triangular matrix L, a diagonal matrix D, and an 
upper triangular matrix U such that  J A  = LDU.  Let us assume (without loss of 
generality) that  J is the n x n identity matrix. Since A is symmetric and the L D U  
factorization is unique, we have L = U T. Thus the computation of the factorization 
is essentially Gaussian elimination. Observe that  the entries of D and U are ratio- 
nals whose numerators and denominators are polynomially bounded in the size of 
the input. 

Since A is positive definite, the diagonal entries of D are all positive. Let S denote 
the diagonal matrix obtained from D by taking the square roots of D's  diagonal 
entries. The  entries of S may of course be irrational, but it will become clear that 
suitable rational approximations are available. For simplicity we first work with real 
arithmetic. Let W = SU. Then A = w T w ,  and with C = [-1,  1] n the following 
four statements are equivalent: 

there exists x E C such that  x T A x  >_ A; 
there exists x E C such that ( W x ) T ( W x )  >_ A; 
there exists y E W C  such that  yTy > ),; 
there exists y E P such that [[y[[~ > A, where P is the parallelotope given by 

P = ~=1 [-wi ,  wl] and the wi's are the columns of the matrix W. 
The preceding discussion shows that in real arithmetic, P O S D E F { - 1 ,  1}MAX 

transforms polynomially to [ -1 ,  1]PARMAX. To deal with the binary (Turing ma- 
chine) model of computation, observe that  x T A x  is an integer for each vertex of 
the cube C --- [ -1 ,  1] n. Hence the following two statements are equivalent whenever 
0 < ~ < 1 :  

there exists x E C such that x T A x  > A; 
there exists x E C such that x T A x  > A - 6. 

From this equivalence it follows that  rounding the entries of S to a suitable number 
of significant digits (bounded by a polynomial in the size of the input) can be 
accomplished without destroying the transformation of P O S D EF { -1 ,  1}MAX to 
[-1,  1]PARMAX. Hence the two problems are polynomially equivalent for the binary 
model of computation. 
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